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a b s t r a c t
In this note we give some existence and nonexistence results of solutions to a problem of
the type
−div(|x|−2γ ∇u) = λ|x|2(γ+1) u+
up
|x|α + t
f
|x|2γ inΩ
u ≥ 0, u ≢ 0 inΩ
u = 0 on ∂Ω,
(Pt,p)
whereΩ is an open bounded subset ofRN containing the origin, the constants p, t, α, γ , λ
satisfy suitable conditions and f ≢ 0 is a nonnegative, smooth bounded function on Ω .
The results that will be given generalize some known results in Brezis et al. (2005) [1] and
Dupaigne (2002) [2].
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
The main goal of this note is to give conditions for existence and nonexistence of solutions to the following semilinear
elliptic problem
−div(|x|−2γ ∇u) = λ|x|2(γ+1) u+
up
|x|α + t
f
|x|2γ inΩ
u ≥ 0, u ≢ 0 inΩ
u = 0 on ∂Ω.
(Pt,p)
This problem becomes singular or degenerate if either γ > 0 or γ ≤ 0. HereΩ is assumed to be an open bounded subset of
RN (N > 2) containing the origin, and we make the following further assumptions:
1 < p <∞, −∞ < γ < N − 2
2
λ ≤ λN,γ (1)
2N
N − 2γ ≤ α < 2 (γ + 1) ,
where
λN,γ := (N − 2(γ + 1))
2
4
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is the best constant in the weighted Hardy inequality
Ω
|x|−2γ |∇u|2 dx ≥ λN,γ

Ω
u2
|x|2(γ+1) dx, ∀u ∈ C
∞
0 (Ω). (2)
Dueby the presence ofweights in problem (Pt,p)we introduce theweighted Sobolev spaceD1,2γ (Ω), defined as the completion
of C∞(Ω)with respect to the norm
∥u∥
D
1,2
γ (Ω)
:=

Ω
|x|−2γ (|u|2 + |∇u|2)dx
1/2
andwe denote byD1,20,γ (Ω) the completion of C
∞
0 (Ω)with respect to the norm ∥·∥D1,2γ (Ω). Using a Poincaré type inequality,
the spaceD1,20,γ (Ω)may be also defined as the completion of C
∞
0 (Ω)with respect to the norm
∥u∥
D
1,2
0,γ (Ω)
=

Ω
|x|−2γ |∇u|2 dx
1/2
and the weighted Hardy inequality (2) holds for all u ∈ D1,20,γ (Ω).
Let us introduce now the quantities
ρ± = N − 2 (γ + 1)
2
±λN,γ − λ,
i.e. ρ± are the two (positive) roots of the equation
P (ρ) = 0
where
P (ρ) := ρ2 − (N − 2 (γ + 1)) ρ + λ, (3)
so that
u1 (x) = |x|−ρ− , u2 (x) = |x|−ρ+
are the radial solutions to the homogeneous equation
−div(|x|−2γ ∇u) = λ|x|2(γ+1) u.
Next we define the exponents
p+α,γ (λ) := 1+
2 (γ + 1)− α
ρ−
and
p−α,γ (λ) := 1+
2 (γ + 1)− α
ρ+
.
We immediately notice that by the assumption α < 2 (γ + 1), we have 1 < p−α,γ (λ) < p+α,γ (λ). Moreover, it is not difficult
to prove that (see also [1])
1 < p−α,γ (λ) <
N + 2+ 2 (γ − α)
N − 2 (γ + 1) < p
+
α,γ (λ) ,
lim
λ→0 p
−
α,γ (λ) =
N − α
N − 2 (γ + 1) , limλ→λN,γ p
−
α,γ (λ) =
N + 2+ 2 (γ − α)
N − 2 (γ + 1)
lim
λ→0 p
+
α,γ (λ) = +∞, lim
λ→λN,γ
p+α,γ (λ) =
N + 2+ 2 (γ − α)
N − 2 (γ + 1) .
In the case
γ = α = 0 (4)
the existence theory for problem (Pt,p) is well established and classical. Indeed, in the case t = 0, the first paper dealing
with (5) is [1], where the authors show that the existence of solutions strictly depends on the behavior of the exponent p,
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in the sense that p+(λ) := p+0,0(λ) is a real threshold exponent, as one may deduce by the following properties:
• if λ ≤ λN and 1 < p < (N + 2)/(N − 2) there is at least one positive energy solution u to (P0,p);
• if λ < λN and (N + 2)/(N − 2) < p < p+(λ) there is at least one distributional solution in all RN to the first equation in
(P0,p), having the form u(x) = A|x|β , for some positive constants A, β;
• if p ≥ p+(λ) there is no positive distributional supersolution to the first equation in (P0,p) in any small ball.
For t > 0 and keeping condition (4) themain reference is [2]. Themain result contained in this paper establishes a smallness
condition for t which guarantees the existence of solutions, providing that p ≤ p+(λ). More in detail, in [2] the author show
(aside of other results) that
• if 1 < p < p+(λ), there exists a value t0 > 0 depending on N, λ, p and f such that
if t ≤ t0 then (Pt,p) has a minimal weak solution;
if t > t0 then (Pt,p) has no weak solution and a complete blow up occurs;
• if p ≥ p+(λ), for all t > 0 then (Pt,p) has no weak solution and a complete blow up occurs.
In this paper we are interested to obtain all these results for the problem (Pt,p) with the more general conditions (1).
Obviously, a suitable definition of very weak solution is needed, which can be clarified as follows:
Definition 1.1. If we define
Lγ u := −div(|x|−2γ ∇u),
we say that u ∈ L1(Ω, |x|−2γ−1 dx) is a very weak supersolution (subsolution) to (Pt,p) if u ≥ 0 a.e. inΩ ,
u
|x|2(γ+1) ,
up
|x|α ∈ L
1(Ω)
and 
Ω
u Lγ (ξ) dx ≥ (≤)

Ω

u
|x|2(γ+1) +
up
|x|α + tf

ξ dx
for all ξ ∈ D1,20,γ (Ω) ∩ L∞(Ω) such that ξ ≥ 0 a.e. inΩ , Lγ ξ ∈ L1(Ω, |x|2γ+1 dx) and there is a constant C > 0 such that
|Lγ ξ | ≤ C |x|−2γ−1 for a.e. x ∈ Ω.
If u is a very weak super and subsolution to (Pt,p) then we say that u is a very weak solution.
The paper is organized as follows. In Section 1 we first set some basic definitions and results, which will allow to study
problem (P0,p) and recover all the results in [1] in a more general setting. At this stage, some of the techniques contained
in [3] will turn out useful to prove the main nonexistence result. In Section 2 we deal with (Pt,p) for a positive t and we
generalize the above quoted results in [2].
2. The case t = 0
In this Section we investigate the existence and nonexistence of solutions to problem (P0,p), namely
−div(|x|−2γ ∇u) = λ|x|2(γ+1) u+
up
|x|α inΩ
u ≥ 0, u ≢ 0 inΩ
u = 0 on ∂Ω.
(5)
We start by recalling a particular version of the classical Caffarelli–Kohn–Nirenberg (CKN for short) inequalities (see [4]):
Theorem 2.1 (CKN Inequalities). Let p ≥ 1 and s, γ and β be real constants such that
1
p
− γ
N
,
1
s
− β
N
> 0.
Then there exists a positive constant C such that for any u ∈ C∞0

RN

, the following inequality|x|−β uLs ≤ C |x|−γ |∇u|Lp (6)
holds if and only if
1
s
− β
N
= 1
p
− γ + 1
N
(7)
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and
0 ≤ β − γ ≤ 1. (8)
We notice that for suitable choices of the exponents involved, CKN inequalities imply a wide variety of inequalities,
among which the weighted Sobolev inequality and the weighted Hardy inequality (2) (see [5]).
A particular application of CKN inequalities that will be useful in the following corresponds to the choices
p = 2, s = 2 (N − α)
N − 2 (γ + 1) , β =
α
s
, (9)
for which it is readily seen that through assumptions (1), both conditions (7), (8) are satisfied. Hence, CKN inequalities (6)
implies that
Ω
|u|s |x|−α dx
1/s
≤ C

Ω
|∇u|2 |x|−2γ dx
1/2
, ∀u ∈ D1,20,γ (Ω) , (10)
namely we have the continuous embedding
D1,20,γ (Ω) ↩→ Ls

Ω, |x|−α dx .
Besides, if
q < s
by a result contained in [6] it follows that the embedding
D1,20,γ (Ω) ↩→ Lq

Ω, |x|−α dx (11)
is compact.
2.1. An existence result
In this Subsection we prove the following existence Theorem:
Theorem 2.2. Assume that (1) hold and set
a(α, γ ) = N + 2+ 2 (γ − α)
N − 2 (γ + 1) .
Then, if 1 < p < a(α, γ ) there exists at least one variational solution u to problem (5).
Proof. Arguing as in [1], we must discuss two different cases.
The case λ < λN,γ .
Let us consider the functional
J (u) = 1
2

Ω
|∇u|2 |x|−2γ dx− λ

Ω
u2
|x|2(γ+1) dx

−

Ω
F (u)
|x|α dx
for any u ∈ D1,20,γ (Ω), where
F (t) =
 t
0
f (σ ) dσ ,
f (t) =

tp if t ≥ 0
0 if t ≤ 0
i.e.
F (u) =

u+
p+1
p+ 1 .
Then we have
J (u) = J1 (u)− J2 (u) ,
where we have set
J1 (u) = 12

Ω
|∇u|2 |x|−2γ dx− λ

Ω
u2
|x|2(γ+1) dx

, (12)
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and
J2 (u) =

Ω
F (u)
|x|α dx. (13)
Since λ < λN,γ , by the weighted Hardy inequality (2) we have that, for each u ∈ D1,20,γ (Ω),
Ω
|∇u|2 |x|−2γ dx− λ

Ω
u2
|x|2(γ+1) dx ≥

1− λλ−1N,γ
 
Ω
|∇u|2 |x|−2γ dx
therefore the norm
∥u∥
D
1,2
0,γ (Ω)
=

Ω
|∇u|2 |x|−2γ dx
1/2
is equivalent to the norm
∥u∥γ =

Ω
|∇u|2 |x|−2γ dx− λ

Ω
u2
|x|2(γ+1) dx
1/2
(14)
defined through the scalar product
(u, v)γ =

Ω
(∇u · ∇v) |x|−2γ dx− λ

Ω
u v
|x|2(γ+1) dx. (15)
If we provideD1,20,γ (Ω) of such scalar product, by (12) it is clear that
J1 (u) = 12 ∥u∥
2
γ , ∀u ∈ D1,20,γ (Ω) ,
so that
J ′1 (u) = u, ∀u ∈ D1,20,γ (Ω) .
Now we verify that J satisfies all the assumptions of the classical Mountain Pass Theorem. Following [7], let u ∈ D1,20,γ (Ω)
be fixed, and set
K (u) = v,
where v ∈ D1,20,γ (Ω) is the weak solution to the problem−div(|x|−2γ ∇v)−
λ
|x|2(γ+1) v =
f (u)
|x|α inΩ
v = 0 on ∂Ω.
(16)
From the embedding (10) we have that the functional
v ∈ D1,20,γ (Ω)→

Ω
f (u)
|x|α v dx
is continuous onD1,20,γ (Ω): indeed, if we take s as in (9), since
p · s′ = p · s
s− 1 < a(α, γ ) ·
2 (N − α)
N + 2+ 2 (γ − α) = s,
by Hölder inequality and the embedding (10) we get
Ω
f (u)
|x|α |v| dx ≤ C ∥u∥
p
γ ∥v∥γ , ∀v ∈ D1,20,γ (Ω) .
Therefore, by the Lax–Milgram theorem, the problem (16) has an unique weak solution v ∈ D1,20,γ (Ω), and
K :D1,20,γ (Ω)→ D1,20,γ (Ω) .
Now we show that
J ′2 (u) = K (u) . (17)
B. Volzone / J. Math. Anal. Appl. 393 (2012) 614–631 619
To this aim, we simply notice that
F (a+ b) = F (a)+ bf (a)+ b2
 1
0
(1− σ) f ′ (a+ σb) dσ ,
so that, ifw ∈ D1,20,γ (Ω)we easily find
J2 (w) = J2 (u)+ (v,w − u)γ + R, (18)
where
R =

Ω
(w − u)2  10 (1− σ) f ′ (u+ σ (w − u)) dσ
|x|α dx;
since p+ 1 < s, which yields the compact embedding (by (11))
D1,20,γ (Ω) ↩→ Lp+1

Ω, |x|−α dx , (19)
we infer that R = o (∥w − u∥), so that by (18) equality (17) follows.
It is not difficult (arguing as in [7]) to show that J ′2 is locally Lipschitz continuous. Using the compact embedding (19), stand-
ard arguments allow us to verify that J satisfies the Palais–Smale compactness condition inD1,20,γ (Ω); moreover we get
J (0) = 0,
there exist constants b, c > 0 such that
J (u) ≥ b if ∥u∥γ = c,
and there is a functionw ∈ D1,20,γ (Ω) for which
∥w∥γ > c, J (w) ≤ 0.
So according to the Mountain Pass Theorem, we find a function u ≢ 0 inD1,20,γ (Ω) for which
J ′ (u) = 0
i.e.
u = v
and then u is a nontrivial solution to the equation
−div(|x|−2γ ∇u)− λ|x|2(γ+1) u =

u+
p
|x|α inΩ.
If we multiply both sides of this equation by u− and integrate by parts, we obtain
0 = −

Ω
|x|−2γ ∇u−2 dx+ λ 
Ω

u−
2
|x|2(γ+1) dx = −
u−
γ
,
that is u− = 0, so u ≥ 0 and the proof is completed.
The case λ = λN,γ .
In this case we have p+α,γ = a(α, γ ). Due by Hardy inequality (2), the operator
Λγ u := −div(|x|−2γ ∇u)− λN,γ|x|2(γ+1) u
is nolonger coercive onD1,20,γ (Ω), so we must choose another suitable space where to take variational solutions to problem
(5). To this aim, the main result of [5] allows us to say that for all 1 ≤ q < 2, there exists a positive constant C ≡
C (N, q, γ ,Ω) such that for any u ∈ D1,20,γ (Ω) the following improvement of the weighted Hardy inequality holds:
Ω
|x|−2γ

|∇u|2 dx− λN,γ u
2
|x|2

dx ≥ C

Ω
|x|−qγ |∇u|q dx
 2
q
.
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Then we can define the Hilbert space Hγ (Ω), obtained as the completion of C∞0 (Ω)with respect to the norm
∥u∥Hγ (Ω) =

Ω
|x|−2γ

|∇u|2 dx− λN,γ u
2
|x|2

dx
1/2
(20)
and we find that D1,20,γ (Ω) ⊂ Hγ (Ω) ⊂ D1,q0,γ (Ω) for all q ∈ [1, 2) (see [8]). Since p < a(α, γ ), arguing as in the case
λ < λN,γ , an application of the Mountain Pass Theorem, applied in the space Hγ (Ω), gives the existence of a positive
solution to (5). 
2.2. Nonexistence results
If the domainΩ is star-shapedwith respect to 0, then the exponent a(α, γ ) is critical, in the sense that for the subcritical
case λ < λN,γ , we get a solution u to problem (5) only if p < a(α, γ ). In fact, the following nonexistence result hold, based
on a Pohozaev type identity:
Theorem 2.3. Assume that (1) hold, where λ < λN,γ . Furthermore, suppose that Ω is star-shaped with respect to 0 and
p ≥ a(α, γ ).
Then problem (5) has no solution.
Proof. Set g (x) := λ/ |x|2(γ+1). Suppose u ∈ C2 Ω \ {0}∩D1,20,γ (Ω) is a smooth solution to (5). Sincewe have a singularity
at the origin, we multiply both sides of the PDE by x · ∇u and integrate over the set
Ωε := Ω \ Bε (0) ,
where ε > 0 and Bε is the ball centered at the origin with radius ε. Integrating by parts the equation
− div(|x|−2γ ∇u) = λ|x|2(γ+1) u+
up
|x|α (21)
we have
Aε = Bε (22)
where
Aε := −

Ωε
div(|x|−2γ ∇u) (x · ∇u) dx,
Bε :=

Ωε
g (x) u (x · ∇u) dx+

Ωε
up
|x|α (x · ∇u) dx.
As regards Aε we can write
Aε =

2− N
2
+ γ

Ωε
|x|−2γ |∇u|2 dx+ 1
2

∂Ωε
|x|−2γ |∇u|2 (x · ν) dσ −
N
i,j=1

∂Ωε
|x|−2γ xjuxjνiuxidσ ,
where ν denotes the unit outward normal to ∂Ωε. Notice that ∂Ωε = ∂Ω ∪ ∂Bε (0) , and since u ∈ D1,20,γ (Ω) we find that
Aε → A as ε→ 0 where
A :=

2− N
2
+ γ

Ω
|x|−2γ |∇u|2 dx+ 1
2

∂Ω
|x|−2γ |∇u|2 (x · ν) dσ −
N
i,j=1

∂Ω
|x|−2γ xjuxjνiuxidσ .
On the other hand, since u = 0 on ∂Ω , we deduce that ∇u = ± |∇u| ν in each point x ∈ ∂Ω , therefore
A =

2− N
2
+ γ

Ω
|x|−2γ |∇u|2 dx− 1
2

∂Ω
|x|−2γ |∇u|2 (x · ν) dσ . (23)
For what concerns Bε , we get
Bε = 12

Ωε
(x · ∇u2) g(x) dx+

Ωε
1
|x|α (x · ∇G(u))dx,
where
G (u) =
 u
0
spds = u
p+1
p+ 1 ;
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thus integrating by parts we have
Bε = −12

Ωε
[Ng (x)+ (x · ∇g)] u2dx+ 1
2

∂Ωε
g (x) u2 (x · ν) dσ
− (N − α)

Ωε
G (u)
|x|α dx+

∂Ωε
G (u)
|x|α (x · ν) dσ
= −1
2

Ωε
[Ng (x)+ (x · ∇g)] u2dx+ 1
2

∂Ωε
g (x) u2 (x · ν) dσ
− (N − α)
p+ 1

Ωε
up+1
|x|α dx+
1
p+ 1

∂Ωε
up+1
|x|α (x · ν) dσ . (24)
Now we observe that, according to the weighted Hardy inequality (2),
g (x) u2 = λ u
2
|x|2(γ+1) ∈ L
1 (Ω) ,
and, since
∇g = −2 (γ + 1) λ |x|−2(γ+1)−2 x
so that
x · ∇g = −2 (γ + 1) λ|x|2(γ+1)
we deduce
(x · ∇g) u2 ∈ L1 (Ω) .
Hence we can pass to the limit in (24) as ε → 0. Using the fact that u = 0 on ∂Ω , we easily infer that Bε → B as ε → 0,
where
B := λ

2− N
2
+ γ

Ω
u2
|x|2(γ+1) dx−
(N − α)
p+ 1

Ω
up+1
|x|α dx. (25)
Hence from (22), (23) and (25) we find
N − 2
2
− γ

Ω
|x|−2γ |∇u|2 dx+ 1
2

∂Ω
|x|−2γ |∇u|2 (x · ν) dσ
= λ

N − 2
2
− γ

Ω
u2
|x|2(γ+1) dx+
N − α
p+ 1

Ω
up+1
|x|α dx, (26)
that is the so called Pohozaev identity. But multiplying (21) equation by u and integrating by parts yield the equality
Ω
|x|−2γ |∇u|2 dx = λ

Ω
u2
|x|2(γ+1) dx+

Ω
up+1
|x|α dx,
and plugging this expression in (26) we thus obtain
N − 2
2
− γ − N − α
p+ 1

Ω
up+1
|x|α dx+
1
2

∂Ω
|x|−2γ |∇u|2 (x · ν) dσ = 0. (27)
Suppose now
p > a(α, γ ).
SinceΩ is star shaped, we have that (x · ν) ≥ 0 for each x ∈ ∂Ω , then by (27) we deduce
N − 2
2
− γ − N − α
p+ 1

Ω
up+1
|x|α dx ≤ 0
i.e.
p ≤ a(α, γ ),
that is a contradiction.
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If
p = a(α, γ ),
by (27) we find ∂u
∂ν
= 0 on ∂Ω , therefore
0 = −

Ω
div(|x|−2γ ∇u)dx = λ

Ω
u
|x|2(γ+1) dx+

Ω
up
|x|α dx,
so u = 0 a.e., another contradiction. 
In general, whenΩ is not star-shaped, the exponent p+α,γ (λ) can be seen as the real borderline exponent providing the
existence for solutions to problem (5). Indeed, we are able to give the following nonexistence result
Theorem 2.4. Assume that (1) hold. If p ≥ p+α,γ (λ), then there is no very weak supersolution to problem (5).
Before giving the proof, we state the following two results. The first one is a natural variant of that one contained in [9],
which can be proved with similar arguments (see also [10]):
Lemma 2.1. Assume that (1) hold. Let u ≢ 0 be a nonnegative function in L1loc

Ω, |x|−2γ−1dx satisfying
−div(|x|−2γ ∇u) ≥ λ u|x|2(γ+1) inD
′(Ω).
Then there exists a positive constant C > 0 and a suitable ball BR in the origin, such that
u (x) ≥ C|x|ρ− in BR. (28)
The following result is a useful tool to prove the nonexistence result. Indeed, it shows that if a very weak supersolution
to (5) exists, then we can find a solution, defined at least in a ball contained in Ω , to a certain semilinear problem related
to (5), and obtained as limit of suitable approximations:
Lemma 2.2. If u ∈ L1loc(Ω, |x|−2γ−1dx) is a very weak supersolution to (5), λ ≤ λN,γ and Ω ⊂⊂ Ω , then for all q ∈ (1,∞)
there exists a minimal solution u to the problem−div(|x|−2γ ∇u) =
λ
|x|2(γ+1) u+
1
q
up
|x|α +
b1(x)
q′
T1
up inΩ
u = 0 on ∂Ω
(29)
obtained as limit of approximations, such that u ≤u inΩ , where
1
q
+ 1
q′
= 1,
and b1(x), T1(up) are the truncations at level 1 of the potential 1/|x|α and the functionup respectively.
Proof. Set
an (x) =

1
|x|2(γ+1) + 1n
if γ ≥ 0
1
|x|2γ |x|2 + 1n  if γ < 0,
bn (x) =

1
|x|α + 1n
if α ≥ 0
1
|x|α−2 |x|2 + 1n  if α < 0,
and let Tk(u), where k ∈ R, be the classical truncature operator, defined by
Tk (r) =

r if |r| ≤ k
k sign r if |r| ≥ k.
Let q ∈ (1,∞) and let u0 ∈ D1,20,γ (Ω) ∩ L∞(Ω) be the nonnegative weak solution to the problem−div(|x|−2γ ∇u0) =
b1(x)
q′
T1
up inΩ
u0 = 0 on ∂Ω.
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Hence by the comparison principle we get u0 ≤ u. By iteration we define un ∈ D1,20,γ (Ω) ∩ L∞(Ω) as the nonnegative
solution to the problem−div(|x|−2γ ∇un) = λan (x) un−1 +
bn(x)
q
upn−1 +
b1(x)
q′
T1
up inΩ
un = 0 on ∂Ω.
(30)
Using the comparison principle again, we easily infer that
u0 ≤ u1 ≤ · · · ≤ un−1 ≤ un ≤u,
hence we obtain that the pointwise limit u := lim un verifies u ≤u and is a weak solution to problem (29). Moreover, u has
the regularity of a solution to (29) obtained as limit of approximations (see [11]). 
Now we are finally able to give the proof of Theorem 3.2.
Proof of Theorem 3.2. We argue by contradiction. Letu be a nonnegative very weak supersolution to (5). Let us fix R1 > 0
such that BR1 ⊂ Ω . Sinceu is a supersolution to (5) in the ball BR1 , by Lemma 2.2 we have that for any R2 < R1 there exists at
least one solution u to problem (29) in BR2 , obtained as limit of the solutions un to the approximating problems (30). Besides,
Lemma 2.1 implies that there is a constant C > 0 and a number R < R2 < R1 such that
u (x) ≥ C|x|ρ− in BR. (31)
Next we distinguish three different cases.
Case 1: p > p+α,γ (λ) , λ ≤ λN,γ .
We take a smooth function ϕ ∈ C∞0 (BR). Let us choose ϕ2/un as a test function in problem (30), so that we find
−

BR
div(|x|−2γ ∇un)ϕ
2
un
dx ≥ 1
q

BR
bn(x)u
p
n−1
ϕ2
un
dx. (32)
By Picone’s identity (see [10]) we get
−

BR
div(|x|−2γ ∇un)ϕ
2
un
dx ≤

BR
|x|−2γ |∇ϕ|2 dx
so that (32) yields
BR
|x|−2γ |∇ϕ|2 dx ≥ 1
q

BR
bn(x)u
p
n−1
ϕ2
un
dx
hence passing to the limit and taking into account inequality (31), we find
BR
|x|−2γ |∇ϕ|2 dx ≥ 1
q

BR
up−1
|x|α ϕ
2dx
≥ C

BR
ϕ2
|x|α+ρ−(p−1) .
But since
p > p+α,γ (λ) = 1+
2 (γ + 1)− α
ρ−
we have α + (p− 1) ρ− > 2 (γ + 1), which is a contradiction to the weighted Hardy inequality (1).
Case 2: p = p+α,γ (λ) and λ < λN,γ .
This case is more delicate, and we will use similar arguments to those in [3]. We consider the radial function
w (x) = |x|−ρ−

log
R
|x|
β
+ 1

,
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where x ∈ BR and β being an exponent that we will choose later. Since λ < λN,γ , we have w ∈ D1,2γ (BR). By a direct
computation we get
−div(|x|−2γ ∇w)− λ|x|2(γ+1)w
= |x|−[ρ−+2(γ+1)]

β

N − 2(γ + 1)− 2ρ− log R|x|
β−1
− β (β − 1)

log
R
|x|
β−2
.
Besides, we have
wp
|x|α = |x|
−[ρ−+2(γ+1)]

log
R
|x|
β
+ 1
p
so that if we set
h (x) =

log
R
|x|
β
+ 1
1−p
we deduce
h (x)
wp
|x|α = |x|
−[ρ−+2(γ+1)]

log
R
|x|
β
+ 1

.
Then we easily infer that (by replacing BR with a smaller ball, if necessary)
− div(|x|−2γ ∇w)− λ|x|2(γ+1)w ≤ βh (x)
wp
|x|α . (33)
Now we set u1 = c1u, with c1 > 0, so that u1 satisfies
−div(|x|−2γ ∇u1)− λ|x|2(γ+1) u1 ≥
c1−p1
q
up1
|x|α :
hence, we choose β > 0 such that
c1−p1 ≥ qβ ∥h∥L∞
in order to get
− div(|x|−2γ ∇u1)− λ|x|2(γ+1) u1 ≥ βh (x)
up1
|x|α . (34)
Moreover, if we choose c1 such that c1C ≥ 1 (where C is the constant in (31)), one has u1 ≥ w on ∂Ω .
We can also assert that u1 ≥ w in BR. Indeed, if v = w − u1, by (33), (34) we find
−div(|x|−2γ ∇v)− λ|x|2(γ+1) v ≤ β
h (x)
|x|α

wp − up1

≤ βph (x)|x|α w
p−1v
= βp |x|−2(γ+1) v.
Then Kato’s inequality (see [12]) allows us to write
− div(|x|−2γ ∇v+)− λ|x|2(γ+1) v
+ ≤ βp |x|−2(γ+1) v+. (35)
Since (v+/ |x|γ+1)2 ∈ L1(BR), actually by an approximation argument we find that v+ ∈ D1,20,γ (BR). If we take now v+ as a
test function in (35) and integrate over BR we obtain
BR
|x|−2γ ∇v+2 dx− λ 
BR

v+
2
|x|2(γ+1) dx ≤ βp

BR

v+
2
|x|2(γ+1) dx.
Choosing β such that λ+ βp < λN,γ , we get from this last inequality that v+ = 0 a.e. and then
c2w ≤ u a.e..
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If ϕ ∈ C∞0 (BR), by using the same method of the case 1 we deduce
BR
|x|−2γ |∇ϕ|2 dx ≥ 1
q

BR
up−1
|x|α ϕ
2dx ≥ c3

BR
wp−1
|x|α ϕ
2dx
≥ c3

BR

log
R
|x|
β(p−1)
ϕ2
|x|2(γ+1) dx,
a contradiction with the Hardy inequality.
Case 3: p = p+α,γ (λ) and λ = λN,γ . Set
g = u
p
|x|α
and consider the function ϕ given by
ϕ (x) = CN,α,γ

R2(γ+1)−α+ρ
− |x|−ρ− − |x|2(γ+1)−α

,
with CN,α,γ being a suitable constant, i.e. ϕ is the solution vanishing on ∂BR to the equation
−div(|x|−2γ ∇ϕ)− λN,γ|x|2(γ+1) ϕ =
1
|x|α .
Since u is a solution to (29) in BR, using a suitable truncature of ϕ we obtain
BR
gϕdx ≤ C

BR
u
|x|α dx <∞,
so that
BR
g |x|−ρ− dx = 1
CN,α,γ R2(γ+1)−α+ρ−

BR
gϕdx+ CN,α,γ

BR
g |x|2(γ+1)−α dx

< ∞.
Then
∞ >

BR
up
|x|α+ρ− dx ≥ C

BR
1
|x|α+ρ−(p+1) dx,
but
p = p+α,γ

λN,γ
 = N + 2+ 2 (γ − α)
N − 2 (γ + 1) ,
hence
p+ 1 = 2 (N − α)
N − 2 (γ + 1) =
(N − α)
ρ−
so α + ρ− (p+ 1) = N , that is a contradiction. 
3. Study of problem (Pt,p)with small t > 0
Now we want to study the problem (Pt,p)where α, γ , λ satisfy the assumptions (1), t is a positive number and f ≢ 0 is
a smooth, nonnegative bounded function onΩ . Our aim is to adapt the arguments of [2] to show that also in this case the
number p+α,γ (λ) represents the threshold exponent for the existence of weak solutions to problem (Pt,p).
We commence by investigating the existence of weak solutions to (Pt,p) both in the subcritical case λ < λN,γ and in the
critical case λ = λN,γ .
Case 1. Existence results for λ < λN,γ , p < p+α,γ (λ) and t small.
As in [2], we first look for a supersolution to (Pt,p) lying inD1,2γ (Ω). More precisely, we search for a supersolutionw of the
form
w(x) = A|x|b
where b and the constant A and to be chosen properly. In particular, we notice that
ρ− p < 2(γ + 1)− α + ρ−
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so that we can always choose b ∈ (ρ−, ρ+) such that the inequality
b p < 2(γ + 1)− α + b
still holds. Provided to choose b close enough to ρ−, we find w ∈ D1,2γ (Ω). With such choice of b, with a straightforward
calculation we find
−div(|x|−2γ ∇w)− λ|x|2(γ+1)w = −A |x|
−b−2(γ+1) P (b)
where P (b) < 0 (because b ∈ (ρ−, ρ+)). Then, in order to have
−div(|x|−2γ ∇w)− λ|x|2(γ+1)w ≥
wp
|x|α + t
f
|x|2γ inΩ
it is enough to choose A, t satisfying
−1
2
A |x|−b−2(γ+1) P (b) ≥ Ap−α|x|−bp−α
−1
2
A |x|−b−2(γ+1) P (b) ≥ t |x|−2γ f ,
(36)
for all x ∈ Ω . Let us choose a ball BR such thatΩ ⊂ BR. We observe that
bp− b− 2(γ + 1)+ α < 0,
then the first condition in (36) is verified if
0 < A ≤

−1
2
Rbp−b−2(γ+1)+α P (b)
 1
p−α−1
when p > α + 1, and for
A ≥

−1
2
Rbp−b−2(γ+1)+α P (b)
 1
p−α−1
when p ≤ α + 1. With such choice of A, we just take t > 0 such that
−1
2
A R−b−2 P (b) ≥ t∥f ∥L∞
and also the second requirement in (36) is accomplished.
Nowwe construct aD1,20,γ (Ω) supersolution, starting fromw. We call thenw1 any smooth extension ofw|∂Ω , compactly
supported away from the origin. Then we remark that the function
g = div(|x|−2γ ∇w1)+ λ|x|2(γ+1)w1
is smooth and bounded, which implies the existence of a unique weak (and in fact strong) solution z ∈ D0,γ (Ω) to the
problem−div(|x|−2γ ∇z)−
λ
|x|2(γ+1) z = g inΩ
z = 0 on ∂Ω.
Therefore, the functionw2 := z + w1 verifies−div(|x|−2γ ∇w2)−
λ
|x|2(γ+1)w2 = 0 inΩ
w2 = w on ∂Ω.
Notice that w2 ≥ 0 a.e. in Ω and, by the comparison principle, w ≥ w2 a.e. in Ω . Finally, if we set w := w − w2 we have
that w is aD1,20,γ (Ω) supersolution to (Pt,p). From simplicity, this solution will be simply calledw.
Now we want to build a weak solution to (Pt,p), obtained by suitable monotone iterations. To this aim, we state the
following Theorem (see [10, Theorem 4.6]):
Theorem 3.1. Suppose that h ∈ L1(Ω). Then there is a unique very weak solution v ∈ L1(Ω, |x|−2γ−1 dx) (in the sense
of Definition 1.1) to the problem−div(|x|−2γ ∇v) = h inΩ
v = 0 on ∂Ω.
Moreover, if h ≥ 0 a.e. inΩ then v ≥ 0 a.e. inΩ .
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With this result in hand, it is quite easy to build a weak solution to (Pt,p). Indeed, we can define the sequence {un} as L1
solutions to the problems−div(|x|−2γ ∇u0) = t
f
|x|2γ inΩ
u0 = 0 on ∂Ω,
for n = 0 and−div(|x|−2γ ∇un) = λ|x|2(γ+1) un−1 + u
p
n−1
|x|α + t
f
|x|2γ inΩ
un = 0 on ∂Ω,
(37)
for n ≥ 1. By induction, we can prove that the solution un exists for any n and
0 ≤ un ≤ w ∀n ≥ 0. (38)
Indeed, by Theorem 3.1 the assertion is true for n = 0. Besides, assuming that the result holds up to order (n− 1)we have
(recall inequalities (36))
0 ≤ λ|x|2(γ+1) un−1 +
upn−1
|x|α + t
f
|x|2γ ≤
λ
|x|2(γ+1)w +
wp
|x|α + t
f
|x|2γ
≤ C|x|b+2(γ+1) ∈ L
1(Ω),
since b+ 2(γ + 1) < N . Moreover, the induction hypothesis guarantees that
− div(|x|−2γ ∇(w − un)) ≥ λ|x|2(γ+1) (w − un−1)+
1
|x|α (w
p − upn−1) ≥ 0 (39)
and Theorem 3.1 implies 0 ≤ un ≤ w. In a similar way we can prove that the sequence {un} ismonotone increasing. Finally,
our aim is to verify that we can pass to the limit in the weak formulation of problem (37), namely
Ω
un Lγ ξ dx =

Ω

λ
|x|2(γ+1) un−1 +
upn−1
|x|α + t
f
|x|2γ

ξ dx (40)
for all the test functions ξ described in Definition 1.1. Indeed, for such functions ξ we have
Ω
|un − u| |Lγ ξ | dx ≤ C

Ω
|un − u| |x|−2γ−1dx. (41)
But we notice that
un
|x|2(γ+1) ≤
w
|x|2(γ+1) ∈ L
1(Ω)
so that the Lebesgue dominated convergence theorem implies
un → u strong in L1(Ω, |x|−2(γ+1)dx)
and the left hand side of (41) goes to zero. Concerning the second integral at the right-hand side of (40), we point out that
upn
|x|α ≤
wp
|x|α ∈ L
1(Ω)
because, by the choice of b,
bp+ α < 2(γ + 1)+ b < N.
Therefore, we can pass to the limit in (40) and obtain that u is a very weak solution to (Pt,p).
Case 2. Existence results for λ = λN,γ , p < p+α,γ (λ) and t small.
The first step toward the proof of an existence result in the critical case λ = λN,γ is trying to use a suitable functional
framework, in order to check that all the arguments in the proof of Theorem 4.1 hold. The functional space where we look
for a supersolution to (Pt,p) is the space Hγ (Ω) introduced in the proof of Theorem 1.1, namely the completion of C∞0 (Ω)
with respect to the norm (20).
As in [2], without loss of generality we can always suppose Ω ⊂ B1/2(0). We then construct a supersolution in Hγ (Ω) to
(Pt,p), for small t , of the form
w(x) = A |x|−ρ−

log
1
|x|
β
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where β ∈ (0, 1/2) and A > 0 to be chosen later. According to what is shown in [13], the functionw belongs to Hγ (Ω). By
a straightforward calculation we find
−div(|x|−2γ ∇w)− λN,γ|x|2(γ+1)w = A (β − β
2) |x|−2(γ+1)−ρ−

log
1
|x|
β−2
.
Therefore,w will be a supersolution if the following couple of inequalities are satisfied for all r ∈ (0, 1/2), where r = |x|:
1
2
A (β − β2)r−2(γ+1)−ρ−

log
1
r
β−2
≥ Apr−α−pρ−

log
1
r
βp
1
2
A (β − β2)r−2(γ+1)−ρ−

log
1
r
β−2
≥ r−2γ t f .
(42)
The first inequality in (42) is formally satisfied if we pick A such a way that
A ≤ 1
2
(β − β2) min
r∈(0, 12 ]

r−2(γ+1)−α+(p−1)ρ
−

log
1
r
β(1−p)−2
. (43)
We point out that by the assumption
p < p+α,γ (λN,γ ) =
N + 2+ 2(γ − α)
N − 2(γ + 1) = a(α, γ )
it follows that the exponent θ := −2(γ + 1)− α + (p− 1)ρ− is negative and the minimum in (43) exists and is positive.
With such choice of A, the second condition in (42) will be satisfied if
t ≤ 1
2∥f ∥∞ A (β − β
2) min
r∈(0, 12 ]

r−2−ρ
−

log
1
r
β−2
.
With this choice of A, t the function w is a supersolution in Hγ (Ω) to problem (Pt,p). Next we follow the same arguments
in [2] to build a supersolution w to Pt,p in Hγ (Ω) vanishing on ∂Ω . Therefore, the arguments described in the case 1 allow
to find a weak solution u to (Pt,p), obtained as limit of a monotone increasing sequence {un} of solutions to problems (37).
Thanks to the results previously obtained, we are able now to prove the following Theorem, generalizing Theorem 1 of [2]:
Theorem 3.2. Suppose that (1) hold and assume p < p+α,γ (λ). Then there is a value t0 > 0 depending on N, λ, p and f such that
• if t ≤ t0 then (Pt,p) has a minimal weak solution;
• if t > t0 then (Pt,p) has no weak solution.
Proof. Since the previous arguments show the existence of a weak solution to (Pt,p) for small t , as in [2] we can define
t0 := sup

t ≥ 0 : (Pt,p) has a weak solution

.
Now consider the first positive eigenvalue λ1 to the weighted problem−div(|x|−2γ ∇φ) = λ1|x|−αφ inΩ
φ = 0 on ∂Ω, (44)
and letφ1 a positive eigenfunction associated to λ1, namely a solution to problem (44). The existence of such couple (λ1, φ1),
along with the variational formulation of λ1, is discussed with all details in [6]. We test the first equation in (Pt,p) by φ1 and
obtain through Young inequality
t

Ω
f
φ1
|x|γ +

Ω
up
|x|α φ1dx+ λ

Ω
u
|x|2(γ+1) φ1dx = λ1

Ω
u
|x|α φ1dx ≤
1
p

Ω
up
|x|α φ1dx+ C

Ω
φ1
|x|α dx,
so
t

Ω
f
φ1
|x|γ +
p− 1
p

Ω
up
|x|α φ1dx+ λ

Ω
u
|x|2(γ+1) φ1 dx ≤ C

Ω
φ1
|x|α dx. (45)
Next we take the exponent s as in (9) and we apply Hölder inequality and (10), in order to obtain
Ω
φ1
|x|α dx ≤ C

Ω
|x|−2γ |∇φ1|2 dx

<∞
thus by (45) it follows that t0 <∞.
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Now we prove that problem (Pt0,p) has a weak solution. Indeed, let us choose a nondecreasing sequence {tn} converging
to t0 and let un be a weak solution to (Ptn,p). Then from (45) we have
Ω
upn
|x|α φ1dx+

Ω
un
|x|2(γ+1) φ1 dx ≤ C
but since φ1(x) ≥ cδ(x) for some constant c > 0, where
δ(x) := dist(x, ∂Ω),
one has
Ω
upn
|x|α δ(x) dx+

Ω
un
|x|2(γ+1) δ(x) dx ≤ C . (46)
Next let us consider the solution ξ ∈ D1,20,γ (Ω) to the problem−div(|x|−2γ ∇ξ) = |x|−2γ−1 inΩ
ξ = 0 on ∂Ω. (47)
Now we need to distinguish two cases.
Case (a): γ ≥ 0. In this case, as the weight ν(x) := |x|−2γ is radially decreasing, we can apply a comparison result in [14]
providing the estimate
∥ξ∥∞ ≤ ∥η∥∞ (48)
where η is the solution to the radial problem−div(|x|−2γ ∇η) = |x|−2γ−1 inΩ#
η = 0 on ∂Ω#,
whereΩ# is the ball centered at the origin having the same volume asΩ . Nowwe notice thatwe canwrite down the explicit
form of η, that is
η(x) = 1
ω
1/N
N (N − 2γ − 1)
(|Ω|1/N − ω1/N |x|)
thus η ∈ L∞ and so is ξ by inequality (48).
Case (b): γ < 0. As the weight ν(x) = |x|−2γ is radially increasing we cannot use symmetrization arguments to show that ξ
is bounded, at least not for all γ < 0 (see [15]). But we point out that if we pick an exponent τ such that
N − 2γ > τ > max

−2γ , N − 2γ
2

,
the function g = |x|−2γ−1 belongs to Lτ (Ω, |x|2γ (τ−1) dx). Then by Corollary 2.9 of [10] we have also in this case ξ ∈ L∞(Ω).
Now, as ξ ∈ D1,20,γ (Ω) ∩ L∞(Ω) we can take ξ as a test function in problem (Ptn,p): since ξ(x) ≤ Cδ(x) for some
constant C , inequality (46) leads to
Ω
un |x|−2γ−1 dx = λ

Ω
un
|x|2(γ+1) ξ dx+

Ω
upn
|x|α ξ dx+ tn

Ω
f
|x|2γ ξ dx
≤ C (49)
hence
un ↗ u in L1(Ω, |x|−2γ−1 dx). (50)
Therefore convergence (50) and inequality (46) allow to pass to the limit as n →∞ in the weak formulation of (Ptn,p) and
find that u is a weak solution to (Pt0,p).
Then it remains to prove that if (Pτ ,p) has a solution, then so does (Pt,p) for all 0 < t ≤ τ . But that property holds because
if uτ solves (Pτ ,p), then
−div(|x|−2γ ∇uτ ) ≥ λ|x|2(γ+1) uτ +
upτ
|x|α + t
f
|x|2γ
that is uτ is a (weak) supersolution to (Pt,p). Using Theorem 4.1 we can construct again a solution by monotone
approximation. Therefore we have proved that
t ≥ 0 : (Pt,p) has a weak solution
 = (0, t0]
and the proof is completed. 
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Using Theorem 3.2, it is straightforward to get the following nonexistence result:
Corollary 3.1. Assume (1) and p ≥ p+α,γ (λ). Then problem (Pt,p) has no weak solution for all t > 0.
3.1. A blow up result
Actually the nonexistence result stated in Corollary 3.1 for p ≥ p+α,γ (λ) can be strengthened. Let us consider two
increasing sequences {an(x)} , {bn(x)} of bounded smooth functions converging pointwise respectively to 1/|x|2(γ+1), 1/|x|α
and let {gn(u)} be a bounded increasing sequence converging to up. If un is the minimal solution to the problem−div(|x|
−2γ ∇un) = an(x)un + bn(x)gn(un)+ t |x|−2γ f inΩ
un ≥ 0, u ≢ 0 inΩ
un = 0 on ∂Ω,
(51)
we say there is a complete blow-up for problem (Pt,p) if we have
un(x)
δ(x)
→+∞, uniformly in x ∈ Ω.
Then we are able to state the following result, generalizing Proposition 2.1 in [2]:
Proposition 3.1. Let p ≥ p+α,γ (λ). Then there is a complete blow-up for problem (Pt,p), for any t > 0.
Proof. By Corollary 3.1, problem (Pt,p) has no weak solution. By contradiction, suppose that there is a constant C > 0 such
that 
Ω
(anun + bn gn(un)) δ(x) dx ≤ C . (52)
Using the solution ξ to problem (47) as a test function in problem (51), inequality (52) provides
Ω
un |x|−2γ−1 dx ≤ C
so
un ↗ u in L1(Ω, |x|−2γ−1 dx)
thus we can pass to the limit in the weak formulation of (51) and obtain that u is a weak solution to problem (Pt,p), which
is a contradiction. Then what we have proved so far is that
Ω
(anun + bn gn(un)) δ(x) dx →+∞.
Now we can use an adaptation of Lemma 3.2 in [16] (which may be proved using Theorem 2.3 and Lemma 3.11 in [10]) to
obtain the existence of a constant C = C(Ω) such that
un(x)
δ(x)
= C(Ω)

Ω

anun + bn gn(un)+ t|x|−2γ f

δ(x) dx

→+∞
as desired. 
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